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The minimum variance portfolio strategy is not a low-risk strategy 
The common perception that the minimum variance portfolio strategy is a low-risk 
strategy is not entirely true. We find and show that the short-side of the portfolio 
can sometimes turn into a high-risk stock strategy. 

Minimum variance portfolios are great diversifiers 
We find some fascinating and useful properties about minimum variance 
portfolios. In particular, we show why they tend to possess very little correlation 
with traditional quant strategies. 

Constraints on beta, styles and industries DO NOT work 
Similar to other research, we find that adding constraints or neutralizing the 
portfolio against beta, style and industries does not work. However, we show why 
we find this is the case and show that neutralization could only serve to change 
the nature of the strategy. 

An enhancement that works 
We propose a slight and simple enhancement to the strategy, which offers 
protection for one of its vulnerabilities, while not veering the strategy from its 
intended purpose. 

Adding it to an alpha-strategy 
We show that adding the minimum variance strategy or our enhancement to an 
alpha-model can add significant value in terms of risk-adjusted performance. We 
attribute to the diversification benefit of the strategy. 

 
Source: GettyImages.com
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Letter to our readers 
In a break with tradition, let us begin with what this report is not about. First, it is not a sales 
pitch. Our aim is not to convince the reader that the minimum variance portfolio is a great 
investment strategy in the meager attempt to sell an index or an investment product. In a 
similar spirit, we will not bore the reader with endless optimization results under different 
settings and ranging over mountains of statistically treated covariance matrices that have 
been tailored to work well in backtests. In addition, we will not “hard” or “soft” tilt toward a 
set of arbitrary generic alpha factors in search of the best combination and then justify the 
pairing after the fact. 

Instead, our goal in this report is to dissect the strategy, break it up into its essential 
components, and understand its inner workings. This way we uncover its true nature, its 
intentions, its strengths and most importantly its vulnerabilities. In this quest, we will find a 
treasure trove of valuable insights about the strategy. In addition, we will uncover some 
useful and fascinating properties of the strategy that will help explain some of the puzzling 
results that are often encountered in the literature as well as in practice. 

The report is quite extensive and is divided into three main parts. First, we begin by 
investigating the properties of the generic strategy under ideal circumstances; that is under 
no leverage target, trading costs, turnover limits or other typical constraints used by active 
managers. The goal is to identify the properties of the plain vanilla strategy; risk, return, beta, 
sector and style exposures, turnover and performance decay among others. These results 
will ground our expectations and reveal some interesting properties about the strategy. 
However, the empirical results can only get us so far. To really understand the strategy we 
have to study it analytically. 

In part two, we put the strategy under a microscope and study it from an analytical 
perspective. The analytics will lead to various important insights and results. We start by 
using a simple and intuitive characterization of the strategy that will show a questionable 
alignment of the portfolio that arises from minimizing portfolio risk. We also find a bounty of 
analytical results that will reveal some useful properties and help explain many of the 
anomalies found in some of the empirical results. Last this analytical investigation will provide 
a foundation for improving the strategy. 

In the last part of the report, we find out why many of the typical neutralization techniques 
only serve to deteriorate performance and end up positioning the strategy along the attribute 
it that was intended to be neutralized. We also show a slight enhancement to the strategy 
that improves performance without veering it too far from its original purpose. The 
enhancement is based an analytical finding and is not an attempt to exploit a result found in 
the empirical discovery. Last, we piggyback on the analytics to show the benefits and the 
effects of incorporating the minimum variance portfolio and its enhanced version into a 
traditional alpha strategy.  

Readers who are familiar with the descriptive statistics of the strategy may start by reading 
the first section of the first part, then skip to the second and third parts of the report, which 
center more on the analytics and inner workings of the strategy. 

As usual, comments or feedback are appreciated! 

Yin, Rochester, Miguel, Javed and John. 
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Dissecting Minimum Variance 
Why the interest? 

The minimum variance portfolio (MVP) has been around for quite some time. It arises 
naturally as the left-most portfolio on the efficient frontier and in simple terms can be thought 
to be the fully-invested portfolio with minimum risk. Indeed, one of the appealing 
characteristics of this portfolio is that its construction does not depend on any stock return 
forecasts and therefore, it is sometimes perceived as a passive investment strategy1. In the 
end, the construction of the portfolio is solely dependent on the asset universe and its 
variance covariance matrix of returns. 

Interest in the MVP strategy has increased over the years. Surprisingly, the popularity and 
acceptance of these strategies has extended beyond the quantitative community to the point 
that index and risk model providers are offering minimum variance indices2 for domestic and 
international markets. 

This sudden popularity is most likely attributable to the strategy’s reported performance and 
perceived risk control. Backtests abound that show the risk-adjusted performance of the MVP 
to be superior to that of the market portfolio as well as many quant strategies. In addition, 
recent performance has been moderate, surpassing that of the market and a few heavily 
used quant factors that were darlings in the past, but have performed miserably in recent 
times. Figure 1 shows the cumulative market return for the Russell 3000 versus the MVP 
constructed using the Axioma’s US medium horizon risk model and scaled at each point in 
time to have the same volatility of the market portfolio.3 

Figure 1: Russell 3000 vs MVP4 cumulative returns (Jan 1995 – Dec 2012) 

0%

100%

200%

300%

400%

500%

600%

Ja
n-

95

Ja
n-

96

Ja
n-

97

Ja
n-

98

Ja
n-

99

Ja
n-

00

Ja
n-

01

Ja
n-

02

Ja
n-

03

Ja
n-

04

Ja
n-

05

Ja
n-

06

Ja
n-

07

Ja
n-

08

Ja
n-

09

Ja
n-

10

C
um

ul
at

iv
e 

R
et

ur
n

Russell 3000 MVP

MVP

Russell 3000

Source: Axioma,Compustat,Russell,Deutsche Bank 

                                                           

1 As we will see below when we dissect the strategy this is far from the truth. 
2 MSCI has a set of minimum risk indices constructed from Barra risk models and Axioma is constructing a set of 
indices based on its own models. 
3 The MVP has much less risk than the market portfolio and so to effectively compare the two portfolios we put them 
on an equal ex-ante risk level. This gets at the question: “what would my performance be if I took the same risk in the 
MVP?” The volatility scaling is done using the 24-month trailing standard deviation of returns for each series. 
4 Minimum variance portfolio scaled to match Russell 3000 portfolio volatility using trailing 24-month standard deviation. 
The universe is taken to be our DB Quant Universe of stocks, which is roughly comparable to the Russell 3000. 
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In Figure 2, we show the risk-adjusted performance (information ratio) of the MVP, the 
market portfolio5, and a set of mean-variance optimal (MVO) factor portfolios6 over our DB 
Quant Universe (roughly the Russell 3000). In addition, we provide an equally-weighted quant 
strategy (Eqw Quant) that takes equal weight across the quant factors in the list. Note that 
when compared to some of these traditional quant factors, the MVP is actually quite a 
powerful strategy. In particular, during the entire period (Jan-1995 to Dec-2010) the MVP risk-
adjusted performance ranked higher than the market and many portfolios constructed using 
conventional alpha-factors. This paper performance is quite an achievement given the 
strength of many of these quant factors experienced in the past. 

As quants, we know that the world has changed; particularly after the summer of 2007. 
Conventional factors such as FY1 EPS revisions that once outperformed are now being 
classified as risk factors7. Because of this shift in the quantitative environment, we are always 
careful to check our empirical results over the more recent period (starting in Jan 2007). 
Figure 3 shows the same risk-adjusted results from Jan 2007 to the present. Note, FY1 
Earnings Yield and Momentum8 have lost their predictive power to the point where the 
extreme differences in factor portfolio IR, including that of the MVP. However, the MVP is 
still moderately positive and outperforms half of the traditional quant factors in our analysis.  

Figure 2: IR: MVP, Market and Factor portfolios 

                DB Quant Universe, (Jan 1995 – Dec 2010) 

 Figure 3: IR: MVP, Market and Factor Portfolios 

                DB Quant Universe, (Jan 2007 – Dec 2010) 
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Source: Axioma, Comustat, IBES, Russell, S&P, Deutsche Bank  Source: Axioma, Comustat, IBES, Russell, S&P, Deutsche Bank 

While the MVP results above look promising, we must remember that these statistics 
represent paper performance under ideal (unrealistic) conditions. The portfolios above are 
long/short constructed without applying any conventional constraints and more importantly, 
without taking into account the cost of borrowing and overall trading on performance. In the 
sections below, we will dissect the MVP strategy and look at some of its most important 

                                                           

5 The market portfolio is the capitalization weighted portfolio of the universe. 
6 We use the characteristic portfolios for each factor (see Grinold & Kahn  1999). The characteristic portfolios have unit 
exposure to the alpha-factor and minimum risk. As we will see below the MVP is equivalent to the characteristic 
portfolio for the alpha-factor consisting of the ones vectors. 
7 Using advanced statistical techniques, our prior research (Luo et al., 2010, “Launching Quantitative Strategy”) shows 
that the unconditional mean of these factors has indeed trended to zero, while their volatility has not; implying that the 
only way to benefit from them is to time them correctly (see Luo et al., 2010, “Style Rotation”). 
8 In reality, it is unfair to show the mean-variance optimal portfolio of the Momentum factor. The reason is because the 
risk model has a very similar factor and the interaction between the two during the optimization processes deviates the 
exposure in a significant way. For more details see Lee and Stefek (2006). In fact, it can be shown that Momentum may 
become negatively aligned with reversal, which looking at the graphs is not a great idea.   
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properties. The analysis will allow us to gauge the extent to which this paper performance 
can be realized in the real world. In addition, we will look at the sensitivity of the strategy to 
different universes and to different risk models. 

The second reason for the popularity of minimum variance portfolios is that that the strategy 
is often perceived to be agnostic to asset return forecasts (i.e. expected returns do not play a 
part in the construction of the portfolio). This feature of the strategy is especially appealing to 
investors who do not believe or do not want to engage in active investing. However, if we 
dig into the details, the minimum variance portfolio is not the “no information” portfolio. As 
we will see in later sections, the strategy depends on the information in the risk model to 
construct the portfolio and its performance will depend on whether investors favor more 
diversified and lower volatility portfolios. Indeed, as is true for every strategy that doesn’t 
allocate fully to the market portfolio, there is an implied expected return forecast. 

Where is the performance coming from? 
On the surface, the MVP strategy is often perceived as a low-risk or low-volatility strategy. All 
low-risk strategies share the characteristic that they aim to outperform from the belief that 
stocks with lower risk will outperform stocks with higher risk. From an academic perspective 
this is abhorrent. One of the central tenets in finance is that investors should expect more 
reward by taking on more risk. However, the data in many equity markets tell the opposite 
story; investors that take on less risk tend to outperform those that take on more risk. This 
contradiction between the data and theory has been dubbed the low-volatility anomaly. There 
are many papers that study this anomaly and offer hypotheses usually centered on human 
behavioral biases such as the irrational preference for high volatility stocks with lottery-like 
payoffs9, to recent arguments related to benchmarks as a limit to arbitrage (Baker, Bradley, 
Wurgler [2011]). Our research has also found this to be true with other more exotic ways to 
measure the risk of a stock. For example, in Cahan et al [2010a], we looked at using option 
risk sentiment measures and found the same result – stocks with lower sentiment risk 
outperformed those with higher options sentiment risk. Similarly, in Cahan et al [2010b] we 
found that stocks with higher informational risk from high frequency data underperformed 
stocks with less informational risk. We also found that the low-volatility anomaly applied to 
stock in European (Alvarez et al. [2010a], “Factor Neutralization and Beyond”) as well as in 
Canada (Luo et al [2010] & Jussa et al [2010]). 

Given all the evidence, we do not argue to the validity of the low-risk anomaly and the fact 
that low risk stocks tend to outperform high risk stocks. However, the important question for 
this report is whether this is the case for the minimum variance strategy? But the first 
question should be whether or not the minimum variance portfolio strategy is indeed a low-
risk strategy in the conventional sense. Does its performance rely on lower-risk stocks 
outperforming higher-risk stocks or is there something else hiding behind its complex 
formulation10? In the second part of this report, we break down the strategy and show that 
there are two parts to the MVP. One part is akin to a low-volatility strategy, but surprisingly 
the other part can actually turn into the opposite – a strategy that will actually underperform 
when lower volatility stocks outperform. 

The difference is subtle and lies in that the strategy does not actually position itself so that 
low-volatility stocks outperform; instead it aligns itself so that lower risk portfolios 
outperform. Therefore, outperformance depends on whether investors are willing to move 
prices in order to minimize portfolio risk. 

                                                           

9 See for example, Tversky and Kahneman, 1992; Mitton and Vorkink, 2007; Kumar, 2009, Barberis and Huang 2008. 
10 As we will show later, the construction process is dependent on the inverse of the asset covariance matrix. 
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To see this suppose that two stocks in the universe have the same risk measure. Then a 
conventional low-volatility strategy would not be able to discriminate one from the other as 
far as which one will outperform over the next period. However, the MVP strategy uses an 
additional risk attribute that goes beyond the individual asset level. This risk attribute 
measures how well the asset diversifies or lowers the risk of an objective portfolio. In 
essence, this extra piece of risk depends on the interdependency of an asset with the rest of 
the assets in the universe. In the case of using the standard deviation of a portfolio to 
quantify risk, this interdependency part of risk is linked to the covariance (or correlation) of 
the asset with the rest of the assets in the universe. 

What if we had look ahead bias? 
Were results in Figure 2 and Figure 3 a fluke? Can just minimizing portfolio variance produce 
better returns than a value-type strategy? Another way to frame the question is to ask 
whether investors really demand portfolios or assets that reduce risk. If so then incorporating 
next month’s risk information should produce superior returns relative than using today’s 
information. In other words, if risk-reduction is really important then future risk information 
about assets and their contribution-to-risk to portfolios should be useful in determining the 
future price of the assets. This is easy to see in the two asset case. Suppose that the 
universe consists of two stocks that are uncorrelated and have the same risk and expected 
return. Then using the Markowitz (1952) mean-variance utility function, an investor who 
wishes to gain the maximum return for minimum risk should hold an equal amount of each 
asset. Now suppose that a lucky investor knows next month’s risk estimate for each of the 
assets. She can then adjust her portfolio before any other investor and switch her allocation 
to underweight (sell) the riskier stock and overweight (buy) the less risky stock. If other 
investors care about risk minimization then all else equal, they will sell the riskier asset and 
buy the less risky asset; in the process moving prices in the direction of the investor who had 
the look-ahead information. However, if risk minimization is not a concern, then the investor 
with the look-ahead information should not see prices move her way. Can this be tested? 
Yes, we can run the same backtests as those in Figure 2 and Figure 3 except this time we 
use the risk model corresponding to the next month. If indeed, investors care about risk 
minimization then we should see the look-ahead MVP outperform the non look-ahead MVP.  

Figure 4: MVP and MVO portfolio IR, using the look-

ahead covariance matrix (Jan 1995 – Dec 2010) 

 Figure 5: MVP and MVO portfolio IR, using the look-

ahead covariance matrix (Jan 2007 – Dec 2010) 

Look-ahead MVP and MVO factor portfolio IR (Jan 1995 - Dec 2010)

-1.73

-1.18

0.36
0.59 0.75

1.58

2.19
2.38

3.26 3.31 3.33
3.54

-2.0

-1.0

0.0

1.0

2.0

3.0

4.0

Momen
tum

Rev
 FY1 E

PS

YoY
 EPS G

ro
wth

Beta

Mark
et 

Por
tfo

lio
ROE

FY1 D
iv 

Yld

Idio 
Vol

Eqw
 Q

nt

FY1 E
ar

n Y
ld

Lotte
ry

Rev
ers

al
MVP

In
fo

rm
at

io
n 

R
at

io

-3.26

 Look-ahead MVP and MVO factor portfolio IR (Jan 2007 - Dec 2010)

-1.42

-0.67

0.11

1.20 1.23
1.60

1.82

2.39 2.51

3.05

4.05

-2.0

-1.0

0.0

1.0

2.0

3.0

4.0

Momen
tum

Rev
 FY1 E

PS

YoY
 EPS G

ro
wth

ROE

Mark
et 

Por
tfo

lio

FY1 D
iv 

Yld

Eqw
 Q

nt

Idio 
Vol

Beta

FY1 E
ar

n Y
ld

Lotte
ry

Rev
ers

al
MVP

In
fo

rm
at

io
n 

R
at

io

-3.80 -2.33

Source: Axioma, Comustat, IBES, Russell, S&P, Deutsche Bank  Source: Axioma, Comustat, IBES, Russell, S&P, Deutsche Bank 

The results in Figure 4 and Figure 5 are quite compelling. First, they scream out for active 
managers to focus on forecasting risk as well as expected returns. Second and probably of 
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greater importance to this research, the results suggest that all else equal, investors may 
indeed have a preference and are willing to pay a premium for portfolio risk-minimization. 

One question that pops to mind is whether these results are a result of lower risk, higher 
return or both. If it’s lower risk, then the reason for the better risk-adjusted performance may 
arise from a better estimate of risk (less noise), instead of investors actually demanding risk 
diversification. On the other hand, if this performance is due in main part to an increase in 
return it suggests that investors are moving towards our newly risk-minimized portfolios (or 
risk-adjusted factor portfolios). 

Figure 6 and Figure 7 show that the risk-adjusted improvement is due mainly to an increase in 
return. Risk actually increases, which suggests that the look-ahead MVP does not gain any 
significant advantage from risk control in knowing next month’s covariance matrix; rather it is 
profiting from the return on the forward portfolios as investors buy assets that lower 
portfolio-wide risk and sell-off assets that increase portfolio-wide risk. 

Figure 6: MVP and look-ahead MVP mean returns  Figure 7: MVP and look-ahead MVP realized volatility 
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This finding does not lead to any new or exciting theory on asset pricing. It fact, it simply 
lends credence to the fact that investors seem to be accounting for risk in their portfolio 
decision process as Markowitz (1952) suggested in his seminal work on portfolio decision.  

Alas, as logic dictates, these results only suggest that we cannot reject the hypothesis that 
investors move asset prices in order to reduce portfolio risk. However, the results are 
powerful in that they strongly suggest that future risk information is valuable even if we know 
nothing about expected returns.  

One last comment on these results is that given generic quant factor performance since 
2007, it is pertinent to point out the difference between the risk-adjusted performance of the 
factor portfolios in Figure 5 to those in Figure 3. 

Traditional formulation of minimum variance portfolios 

There are many ways to formulate and derive the minimum variance portfolio (MVP). The aim 
is to choose a portfolio that minimizes portfolio risk without taking any particular view on 
expected returns of the stocks in the universe. Below we present two ways to formulate the 
problem. The traditional approach presented here is a special case of the mean-variance 
formulation, which we will present in a later section. We feel that the mean-variance 
approach is more intuitive from the perspective of a quantitative investor. In addition, as we 
will see below, the mean-variance approach allows us to more cogently use the minimum 
variance portfolio strategy to enhance a total alpha model. 
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Traditional approach 
The most common approach that is used to construct the MVP simply involves finding the 
portfolio with minimum variance such that the weights of the portfolios sum to one (fully 
invested). Mathematically, this formulation leads to solving the following optimization 
problem: 

Vhhh ′min   such that 11h =′ .       ( )1  

where h  is the vector of portfolio weights, V  is the asset-by-asset covariance matrix (risk 
model), and 1  is a vector of ones with the same dimension as h . The solution to this 
problem is well known to be: 

1V
1V1

h 1
1

1 −
− ⎟

⎠
⎞

⎜
⎝
⎛

′
=MVP

~
.       ( )2  

 
Three obvious but noteworthy observations with respect to the MVP in equation (2) are: 

1) For every covariance matrix V , there is a unique MVP, i.e. the MVP is sensitive to 
the risk model. 

2) The MVP will differ with respect to the universe of stocks. 

3) The portfolio is long/short. By construction the weights add to 1, but they can be 
positive and negative. 

One way to think about the MVP is that given a covariance matrix V  and any set of expected 
stock returns, the MVP corresponds to the portfolio on the left most point of the efficient 
frontier. For a given V , this point will coincide for every efficient frontier corresponding to 
each expected return vector. 

One not so obvious observation is that the formulation in (1) requires a constraint; otherwise 
the minimum variance portfolio is the zero-holdings portfolio. At the time of this writing, 
every publication we have seen on the topic uses the fully invested portfolio constraint (sum 
of weights = 1). In reality, this constraint is completely arbitrary. Our guess is that this is due 
to the strong academic influence on this topic and their preference to work with fully 
invested portfolios. However, practitioners who build portfolios on a daily basis know that a 
fully invested portfolio can be 350% long and 250% short, which is far from a sensible 
portfolio unless it matches the intended leverage. As we will see in the next section where 
we explore the empirical portfolio properties, we find that the MVP can indeed take these 
levels of exposure at different points in time. In our implementation section, we also discuss 
how this implies that the strategy should be run with less ex-ante risk achievable by changing 
the weight constraint or setting a risk target in the optimizer. 

In a later section, when we formulate the problem using a mean-variance framework the 
constraint becomes unnecessary. In fact, it is arbitrary in the above formulation as well 
because the minimum variance portfolio has the property that it does not lose its optimality 
when constructed using a different positive net weight constraint. In other words, if we set a 
different net weight constraint, we end up with an equally optimal, but scaled version of the 
portfolio in (2). The only difference is that it will run at a higher risk (scale up) or lower risk 
(scale down). 
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Properties – let the data speak 

In this section, we let the data do the talking. We report on the usual statistics: return, risk, 
beta, style and sector exposure. We also analyze the portfolio from a long and short 
perspective and look at the portfolio decile properties from which we obtain an additional 
layer of insight into the strategy. Last we look at the performance across different universes 
(large cap versus small cap) and find surprisingly that the MVP strategy, as opposed to most 
quantitative strategies, works well within large-cap stocks. Throughout this descriptive 
analysis of the strategy, we make sense of the results and report on a few anomalies that we 
find puzzling from an intuitive sense. We keep these anomalies in mind and later consolidate 
the results with the properties we find in the analytics section of the report. 

Risk and return 
The first thing to look at is the performance and the risk of the plain vanilla strategy. In the 
previous sections we looked at the risk-adjusted returns of the strategy and compared them 
to those of the market portfolio and a set of generic alpha-factor portfolios. Figure 8 shows 
the return at each point in time together with the 12-month rolling average. We could analyze 
the return series to death, but we note that performance was phenomenal from 1995 to 
1998, then flat until 2003 and then takes off again on a long and rewarding trend until the 
2008 credit crises; after-which it has not performed much better than the market or other 
generic quant factors. One thing to note in Figure 8 are the two drawdowns (highlighted with 
the red circle) that correspond to Sep 2008 and March 2009. From the perspective of a low 
volatility strategy the underperformance in Sep 2008 (and subsequent months) is puzzling 
given the fact that any low-risk strategy should have outperformed during that time. Readers 
that have looked at the MVP strategy may blame this on its implied beta exposure 
(forthcoming), but if this is the case the strategy should have outperformed during the market 
rally of March 2009, which the chart shows actually resulted in another drawdown. We will 
keep these two data points in mind as we find out more about the strategy when we look at 
it analytically. Figure 9 shows us the realized risk of the strategy using a 24-month rolling 
window. We see nothing odd or special except that the volatility seems to follow that of the 
general market, especially the large ramp-up in the more recent period. 

Figure 8: MVP return and 12m rolling average  Figure 9: MVP std. dev. of return 24m rolling window 
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Another aspect of the strategy that is worth looking at is its performance in up versus down 
markets. Given its perceived superiority in risk control we would expect limited downside 
exposure relative to the market. The results in Figure 10 show the up versus down market 
average returns over the entire sample. From this picture, the strategy looks like a real winner 
in that it does well in both markets, albeit doing better in up markets. However, over the 
more recent period (Jan 2007 – Dec 2010) the strategy performance in up versus down 
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market has reversed (see Figure 11). Recent performance shows the strategy to be doing 
better in down markets. In fact, during the recent period the portfolio has actually produced 
negative performance in up markets. If we look back to the performance in Figure 8 this is 
attributable to the significant increase in risk appetite that occurred during the spring of 2009. 

Figure 10: MVP average return in up versus down 

markets (Jan 1995 – Dec 2010) 

 Figure 11: MVP average return in up versus down 

markets (Jan 2007 – Dec 2010) 
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Long versus short 
The MVP is a long/short portfolio. As we stated before, the formulation in (2) forces the 
weights to sum to one (fully invested portfolio), but it does not restrict the portfolio from 
taking short positions. This is another practical drawback of the MVP strategy. While shorting 
on paper many times provides better risk control and performance, taking short positions in 
the real world can be expensive or downright unachievable. Therefore, it is important to look 
at the make-up of the portfolio as far its long and short exposure. More importantly we look 
at the performance on the short side of the portfolio. Indeed, if most of the performance 
arises from the short-side then it may be likely that the performance reported earlier may 
be unattainable. 

To investigate the long/short makeup of the portfolio, we start by looking at the total long 
weight (Figure 12) and total short weight (Figure 13) over time. Note from equation (2) that at 
each point in time the long weight minus the short weight will be equal to one. Therefore, we 
expect the portfolio exposure to tilt towards the long side as we see is the case. 

On major observation about both Figure 12 and Figure 13 is that the fully invested constraint 
does not actually ensure that the MVP is a sensible portfolio in the context of leverage. Note 
that there are times (more recent) when the long holdings can reach 300% and the short 
200%. This implies that an investor would have roughly $5 of exposure for every $1 
invested11, which is by no means a sensible portfolio. As we explained in the last section the 
weight constraint is arbitrary and it is better to target a desired risk level instead of running 
the portfolio with a net weight constraint of one.  

Figure 14 and Figure 15 show the MVP long-side and short-side returns, respectively. We 
note that the short-side of the portfolio performed worse over the entire period and in 
particular took a big hit during the market rally in March 2009. 

                                                           

11 Depending on how you define leverage it could imply that the portfolio runs on 5-times the leverage. 
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Figure 12: MVP long weight exposure  Figure 13: MVP short weight exposure 
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Figure 14: MVP long side return  Figure 15: MVP short side return 
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Decile analysis 
We can shed more light on the results above by refining the performance results into the 
portfolio deciles. Figure 16 and Figure 17 show the average return per decile12 across the 
entire sample and over the most recent period, respectively. The only particular statistics that 
jump out of both graphs is the difference in the magnitude of performance between the top 
and bottom deciles. From the pure returns perspective this is not a problem since the 
imbalance is in favor of positive returns. 

One interesting result we found was the strategy’s performance across up and down 
markets. We saw that over the entire period, the strategy seems to suffer less on the 
downside. This may be due purely to the fact that the portfolio is net long when the market 
was up during the sample. However, we investigate how the deciles performed during up 
and down markets to ensure that the storyline is correct or if there is something hiding in the 
background that we can’t see in the long/short side analysis. 

                                                           

12 In this and every other decile analysis, decile 10 corresponds to top 10% holdings of the portfolio and decile 1 
corresponds to the lowest 10% of the holdings (always a short position). 
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Figure 16: MVP decile performance (Jan 95 – Dec 10)  Figure 17: MVP decile performance (Jan 07 – Dec 10) 
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Figure 18 shows the decile performance of the portfolio in up markets. We see the 
performance consistent with a long/short strategy that is net long. However, the picture 
changes in down markets (Figure 19). In down markets we would expect the decile 
performance to reverse. That is, we would expect the short side of the portfolio (deciles 1-4) 
to outperform, while the long side (deciles 6-10) should underperform. However the graph 
shows a surprising result. In down markets the portfolio actually experienced net positive 
performance coming from the long side of the portfolio and particularly from the decile 10. 
As we will see analytically below, this is because on the long side of the portfolio, the 
strategy allocates higher positive weights to assets with less overall risk. These are the least 
likely to drop during periods of crises. In contrast, we will find that this is not the case for the 
short-side of the portfolio. 

Figure 18: Up market decile returns (Jan 95 – Dec 10)  Figure 19: Down market decile returns (Jan 95 – Dec 10) 
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Note that the decile average returns are balanced except for the two extreme deciles. The 
top decile, which corresponds to the largest weights, outperformed the lower decile, which 
corresponds to the largest positive weights and the bottom decile, which corresponds to the 
largest (in magnitude) negative weights. 

Given that this is a minimum variance strategy, the question is whether the negative return 
on the short-side is warranted from a risk perspective; i.e. is the short side providing risk 
control? Indeed, Figure 20 and Figure 21 tell us that there is less risk allocated to the shorter 
side of the portfolio, which explains why the magnitude of the return on the shorter end of 
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the portfolio was of less magnitude that than on the longer side of the portfolio. However, 
this begs the question: why is the shorter side of the portfolio taking on less risk exposure 
than the longer side? A low-risk strategy usually puts on more short-exposure towards riskier 
assets and thus we would expect the MVP to have higher risk exposure on the short side. 
We will explain this phenomenon in our analytical section in the second part of the report. 

Figure 20: MVP decile risk (Jan 95 – Dec 10)  Figure 21: MVP decile marginal contribution to risk 

MVP Decile Risk

15%

8%

5%

3%

1% 0.90%

3%

5%

9%

19%

0%

5%

10%

15%

20%

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10

R
is

k 
(a

nn
ua

liz
ed

)

long sideshort side

 MVP Decile Marginal Contribution to Risk (MCTR)

-5.1%

-1.9%
-1.2% -0.8% -0.3%

0.4%
1.2%

2.3%

4.1%

10.0%

-10%

-5%

0%

5%

10%

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10

M
ar

gi
na

l C
on

tri
bu

tio
n 

to
 R

is
k 

(a
nn

ua
liz

ed
)

short side

long side

Source: Axioma, Comustat, IBES, Russell, S&P, Deutsche Bank  Source: Axioma, Comustat, IBES, Russell, S&P, Deutsche Bank 

Beta, style and sector exposures 
Perhaps the best way to empirically analyze the MVP strategy is to analyze its exposures 
across traditional risk factors. Given that the aim of the strategy is to minimize risk, we have 
certain expectations going into the analysis. First, we expect it to be low-beta. Second, we 
expect its exposure profile to style risk (e.g. leverage, liquidity, size, etc) to be more 
conservative than the average stock portfolio of the universe and the market. Last, but not 
least, we expect the sector allocation to tilt towards those sectors that are more 
conservative. We start by analyzing the exposure to Predicated Beta13.  

Figure 22: MVP Predicted Beta exposure  Figure 23: MVP long versus short side Predicted Beta 
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Figure 22 shows the total exposure to beta. We note that it is always positive, but tends to 
fluctuate over time. In our analytical section, we will see that the exposure to beta will vary 
over time with levels of asset specific risk. Figure 23 shows us the beta per side of the 

                                                           

13 Predicted Beta is the beta of the portfolio computed using the US mid-horizon Axioma fundamental model. 
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portfolio. The only note is that the two seem to be moving in opposite direction of each 
other. 

To uncover more insight we can break up the beta and specific risk exposures by portfolio 
deciles. Figure 24 and Figure 25 again point to an imbalance between the top and bottom 
deciles of the MVP strategy. However, note that the imbalance in beta (Figure 24) is very 
subtle compared to the imbalance in specific risk (Figure 25).  

Figure 24: MVP Predicted Beta by Decile  Figure 25: MVP Specific Risk by Decile 
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We also note the peculiar fact that throughout most of the sample period, specific risk has 
been a much stronger component of asset risk (this has subsided in the recent high 
correlation environment, see Alvarez et al, 2010 “Correlation and Opportunity”). Therefore, 
the large disparity between the specific risk between the top and bottom decile is suspicious 
given that a low-volatility strategy would conventionally allocate more short exposure to 
stocks with higher specific risk. As we will see in our analytical section below, this ambiguity 
is indeed consistent with the MVP strategy and it relates to a subtle difference between low-
volatility strategies at the asset level versus those at the portfolio level. 

Sector exposures 
Figure 26 and Figure 27 show the MVP sector exposures versus those of the market portfolio 
over the entire sample period and the more recent period since January 2007. 

Figure 26: MVP and Market Portfolio average sector 

weights (Jan 1995 – Dec 2010) 

 Figure 27: MVP and Market Portfolio average sector 
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Figure 28 shows the industry make-up of the portfolio by deciles. There is nothing too 
surprising in the results; financials seem to make up much of the long and short exposure 
(more long than short), while the portfolio prefers to be long consumer staples and does not 
apply much short exposure to this sector. 

Figure 28: MVP average sector weights by deciles (Jan 95 – Dec 10) 
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Style exposures  
A descriptive analysis of a strategy is not complete without looking at risk factor style 
exposures. Figure 29, shows us the MVP style exposures to Axioma’s fundamental US 
model and compares them to the market. 
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Figure 29: Axioma risk model style14 factor exposures: MVP vs. Market Portfolio 

(average over Jan 95 – Dec 10) 
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Note that these exposures are roughly z-scores so that 0 corresponds to the universe 
average (cap-weighted). Two surprising results that jump out at us in Figure 29 are the size15 
and liquidity16 factor tilts. This is especially true when comparing to them to the factor 
exposures of the market portfolio. In both cases the MVP tilts towards what we would 
consider riskier stocks. This is contrary to what we would expect from a low-volatility 
strategy or one that was attempting to minimize risk above anything else. Alas, as we will 
see when we analyze the strategy through an analytical lens, this is consistent with strategy 
and arises from the way vendor risk models are usually put together. For completeness we 
look at the exposures to both of these factors throughout time for the MVP and compare 
them with those for the market portfolio (Figure 30 and Figure 31). One trend to note from 
both graphs is that the size and liquidity exposures of the MVP have been moving towards 
less risky levels since 2003.  

                                                           

14 Style risk factors are from the Axioma US fundamental medium horizon risk model (see Axioma Style Handbook, 2010 
at Axioma.com). 
15 The Axioma Size risk factor is computed by scoring each stock according to log(average market cap over last 20 days) 
and then normalizing the scores (z-scores) across the estimation universe. 
16 The Axioma Liquidity factor is computed by scoring each stock according to the 20-day average daily volume (in 
currency not shares) divided by the stock’s 20-day average market cap. The scores are then normalized (z-scored). 
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Figure 30: Size risk factor exposure: MVP & Market  Figure 31: Liquidity risk factor exposure: MVP & Market 
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Last, we look at the decile exposures to these factors in Figure 32 and Figure 33. Again the 
results are consistent with the recurring theme that the short-side of the portfolio is not in 
balance with the long-side. As was the case when looking at other decile properties, the tilt is 
a result of the imbalance between the exposures in the top and bottom deciles. Another 
statistic that jumps out is that the strategy is that the bottom decile seems to be short assets 
which are only slightly smaller than the universe average, especially in the bottom decile17 
(Figure 32). This is odd given that a low-volatility strategy would have a stronger short 
position on size given that smaller assets tend to be more volatile. We find a similar result for 
the exposure of the bottom decile to liquidity (Figure 33). Note that the bottom decile is short 
assets that are only slightly more illiquid than the universe average. Again, we would expect a 
low-volatility strategy to be heavily underweight (or short) assets with low liquidity.  

Figure 32: MVP Size risk factor exposure by decile  Figure 33: MVP liquidity risk factor exposure by decile 
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Correlation with other factors and portfolios 
In its pursuit to minimize risk, the MVP strategy must certainly minimize common factor risk 
(the risk that is common with other assets and portfolios). If this is so then we should expect 
that the strategy should possess minimal correlation with other portfolios. 

                                                           

17 Note that the exposures have been multiplied by the portfolio weights. So a positive exposure to size indicates a 
negative exposure to smaller assets and vice-versa. Similarly, a negative exposure  
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Figure 34 shows the correlation of the MVP strategy with the market as well as several quant 
strategy portfolios. The quant portfolios are MVO factor-portfolios (characteristic portfolios 
see Grinold [1999]). We note the negligible low levels of correlation with the quant factor 
portfolios and the significant correlation with the market. The market correlation is intuitive 
given the beta exposure of the factor. Figure 35 shows the returns to the z-score factor 
portfolios, which are computed using the z-scores directly, except that we scale them so that 
the resulting portfolio has the same expected risk as the MVP (this way we can put them on 
the same scale)18.  

Figure 34: MVP return correlation with the Market and 

MVO factor portfolio returns (Jan 95 – Dec 10) 

 Figure 35: MVP return correlation z-score factor 

portfolio returns (Jan 95 – Dec 10) 
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As we will see in the analytical section below, minimizing common factor risk is indeed the 
one of the strategy’s main goals and this explains the low levels of correlation with the quant 
MVO and z-score portfolios. 

Figure 36: Return correlation (24m rolling window) of 

the MVP and the Market portfolio 

 Figure 37: Return correlation (24m rolling window) of 

the MVP and a high minus low Beta portfolio 
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18 However, when looking at the correlation the scaling does not matter. 
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Turnover 
To implement the strategy in practice, we must examine both the portfolio turnover and its 
performance decay. Obviously, more portfolio turnover induces more trading costs and if 
turnover is too large, then the paper performance we saw earlier is likely to be unattainable. 
The turnover across a period is defined by the sum of the absolute changes in stock weights 
from period to the next. The more changes in weights induced by the strategy from month to 
month the more turnover will be reported. However, the turnover depends heavily on the 
actual magnitude of the weights (the same percentage change will cause portfolios with 
larger absolute weights to show more turnover). In addition, all else equal, turnover is 
strongly driven by the volatility of the strategy as well. This is for two reasons. First, all else 
equal, a portfolio with higher volatility will require larger asset weights. Second, higher 
volatility will produce larger shifts in the portfolio weights over time. Therefore, to compare 
the turnover of the two strategies fairly, we have to compare the two strategies at the same 
volatility levels. By doing this, we are comparing the strategies according to their turnover per 
unit of risk. Is this fair? Yes because we can always scale down a strategy to lower its risk – 
reducing turnover at the same time. As we will discuss in the implementation phase this 
involves formulating and implementing the strategy using a different net weight constraint (a 
smaller one).  

Figure 38, shows the one-way portfolio turnover for the MVP strategy. Needless to say that 
the numbers over time are eye-popping! This certainly doesn’t look like a low-risk strategy 
(risk is a sticky attribute) and it certainly doesn’t resemble a passive strategy. The problem as 
we hinted to earlier lies in the true size of the portfolio; not the net weight, but the sum of the 
absolute value of both the long and short weights. 

To get a better idea of our true turnover, we can compare the MVP to well-known generic 
factor portfolios. However, in order to fairly compare the two we need to put them on the 
same risk scale. As we said before, this is equivalent to comparing their turnover per unit risk. 
Figure 39 shows the average turnover of the MVP strategy against our generic set of MVO 
alpha-factor portfolios. To put them on the same risk scale, we actually scale each of the 
alpha-factor portfolios to have the same ex-ante risk of that of the MVP. The numbers show 
what we had first suspected: that the MVP strategy indeed has less turnover (per unit risk) 
than the alpha-factor portfolios. 
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Figure 38: MVP turnover (one-way) 

 

                                             

 Figure 39: MVP vs. MVO factor portfolio19 turnover (one-

way). For fair comparison, the factor-portfolios are 

levered to have the same ex-ante risk as that of the MVP 
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Performance decay 
In the real world, the turnover reported in the previous section would limit the ability of an 
investor to capture the actual holdings of the MVP at every point in time. Most often a 
quantitative investor will use an optimizer with a turnover constraint (or transaction cost 
penalty in the objective function of equation 2), to trade their portfolio into the latest MVP 
implied by the newest forecast of the variance covariance matrix. The analysis over the entire 
period (Figure 40) is very promising indeed. The results are representative of a very robust 
strategy with little performance decay over time. This suggests that the strategy may be of 
even more value than noted in Figure 2 in that it does not require excessive trading costs to 
capture the performance. In addition, these results suggest that the excessive portfolio 
turnover reported in Figure 38 may be inconsequential to capturing performance. 

Figure 40: MVP return decay profile (Jan 95 – Dec 10)  Figure 41: MVP return decay profile (Jan 07 – Dec 10) 
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While not as impressive as what we saw over the entire sample, the decay results over the 
more recent period (Figure 41) are still favorable; especially relative to most quantitative 

                                                           

19 As noted in the text, the factor portfolios are the mean-variance optimized portfolios, but scaled to have the same ex-
ante risk as that of the MVP. This is done to put the portfolios on the same footing given that, all else equal, turnover 
will increase with the risk of the strategy. Note that we could have equivalently run the MVP portfolio at lower risk by 
divesting cash from the strategy (i.e. leveraging down the portfolio). An equivalent way to compare the portfolio 
turnover of each strategy would have been to look at the turnover per unit risk or an even more comparable method is 
to look at the autocorrelation of the portfolios. In all these cases, we get the same results on a relative basis. 
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strategies. The recent downward trend in the portfolio decay may be a result of two 
phenomena. First, it may be attributed to the strong increase in turnover in the MVP portfolio 
since 2008 (see Figure 38). This increase is most likely to be a consequence of more 
variability in the risk model forecast (volatility has been increasingly choppy since 2008). A 
second possibility for the faster performance decay may be that investors are paying more 
attention to minimizing portfolio risk or the low-volatility anomaly; consequently arbitraging 
away the performance of this portfolio minimization strategy. 

One last and important observation to make about the decay is that the performance seems 
to peak for the portfolio two months after it is constructed. This is odd indeed. It points to the 
argument that investors take their time to react to changes in risk and therefore a portfolio 
constructed in the past works very well over the following months as well. This observation 
also points to the puzzling characteristic that under the case of no trading costs limiting the 
strategy turnover will actually improve performance! 

Large-cap versus small-cap 
It is well known that most generic quant strategies have historically worked better for small 
cap relative to large cap universes. It should be evident by now that the MVP strategy is 
more a quant strategy than a passive strategy so it is necessary to check its efficacy in both 
the large cap and small universes. We find two very surprising results. First, over the entire 
sample, the MVP strategy risk-adjusted performance is actually better for large-cap stocks 
than for small-cap (Figure 42 and Figure 43). In addition for our large-cap universe, with 
exception to the one-month Reversal factor, the MVP strategy outperformed every other 
generic quant factor in our study including the equally weighted quant strategy. This is quite 
an impressive feat given that many of these factors have had very good performance pre- 
2007. 

The fact that the strategy has worked well for large-cap stocks over the entire sample is very 
interesting. It tells us that portfolio risk minimization may be more important in large-cap 
universes where there may be more institutional funds, which are mandated to provide risk 
control. This may also be due to the fact that most vendor risk models are calibrated towards 
larger-cap stocks20 

                                                           

20 Indeed, many risk model vendors using the square root of market cap (or some close variant) when cross-sectionally 
estimating the return to the risk model factors, which drive the covariance matrix forecast. 
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Figure 42: IR: MVP, Market and Factor portfolios 

                Russell 1000 Universe, (Jan 1995 – Dec 2010) 

 Figure 43: IR: MVP, Market and Factor portfolios 

                Russell 2000 Universe, (Jan 1995 – Dec 2010) 
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Figure 44: IR: MVP, Market and Factor portfolios 

                Russell 1000 Universe, (Jan 2007 – Dec 2010) 

 Figure 45: IR: MVP, Market and Factor portfolios 

                Russell 2000 Universe, (Jan 2007 – Dec 2010) 
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Last, it is worthy to note that over the recent history however, the MVP has not 
outperformed in large-cap relative to small-cap (Figure 44 and Figure 45) and does not seem 
to be a dominant strategy in the large-cap universe relative to other quant strategies. 

Borrow costs for the short side 

Recent research on borrow costs (see Cahan, et al, 2011 “The long and the short”) showed 
that the short side of many quant factors was strongly aligned with hard to borrow stocks. In 
the real world, this complicates the realization of positive performance due to the high paper-
performance realized on the short side of many quant strategies. We found that some of this 
performance could be attributed to the fact that many quant factors are aligned with shorting 
high volatile names (see Luo, et al, 2010, “Volatility=1/N”). Cahan et al (2011) showed that 
these high volatile stocks were the hardest to borrow. To this end, we want to investigate 
the borrow cost exposure of the MVP strategy and compare it to a conventional quant factor 
strategy. Given the perception that the MVP strategy is a low-volatility strategy we expect the 
short-side of the portfolio to have relatively high exposure to higher volatility stocks and 
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therefore to have higher borrow costs. However, Figure 46 tells us a completely different 
story. When we look at the borrow cost exposure (higher exposure indicates higher costs), 
we find that the MVP strategy borrow cost exposure is significantly lower than that of the 
equal-weighted quant strategy when run at the same risk levels. Figure 47 shows us that the 
difference between the two has actually become more pronounced over time. Could it be 
that the MVP strategy is not actually taking such short exposure on highly volatile assets? We 
find that indeed this is the case when we dissect the strategy analytically in the second part 
of the report. 

Figure 46: Borrow cost factor scores per decile: MVP vs. 

equal weight quant factor portfolio running at same risk 

levels (higher score implies higher borrow cost) 

 Figure 47: Borrow cost factor scores: MVP vs. equal 

weight quant factor portfolio running at same risk levels 

(higher score implies higher borrow cost) 
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MVP under the microscope 
In this part of the report, we make use of various analytical results that will open up a spigot 
of insights and yield some interesting and fascinating properties related to minimum variance 
portfolios. 

We start with a very intuitive characterization of the MVP strategy derived from a simple one-
factor risk model (e.g. CAPM) to reveal the strategy’s purpose and analyze its composition. 
We will generalize this characterization to the multi-factor case to find that the MVP strategy 
is very similar to a strategy that predicts that stocks with high common factor risk will 
underperform. 

The second result is a simple one that provides some surprising properties about the 
comovement and correlation of the MVP with other portfolios and factors. These results will 
allow us to understand the MVP more clearly; outlining its strengths and potential pitfalls and 
more importantly, permitting us to enhance the strategy with a fundamental understanding of 
what to expect. 

Is MVP the anti-Beta? 

The first result we investigate was derived by Clarke, Silva and Thorley (2010), and also by 
Scherer (2010). The derivation provides a simple and intuitive characterization of the 
minimum variance portfolio under a one factor risk model (e.g. CAPM). Both papers show 
that under a one-factor risk model, the weight of a stock in the MVP depends solely on the 
specific risk and relative Beta of the stock. Mathematically, they show that the weight of 
stock i, in the MVP is given by: 
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where ih  is the holding in asset i, 2
MVPσ  is the variance of the MVP portfolio, iβ  is the beta of 

stock i to the single risk factor, 2
,iεσ  is the specific risk of stock i, and LSβ  is a threshold beta, 

which, under certain assumptions, can be approximated by the average beta of the universe 
(see Clark et al. 2010 for exact formula and details). We can simplify equation (3) even further 
by approximating LSβ to equal 1 (since the average beta should be close to 1). This 
approximation leads to an even more intuitive expression for the MVP weights: 
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The approximation for the weights in equation (4) lends itself to easy interpretation. The first 
thing that jumps out at us is that the strategy looks very much like a low beta minus high beta 
play. That is it will take long positions on stocks whose beta are less than 1, while shorting 
stocks whose betas are greater than 1. In addition, on the long-side, stocks with smaller beta 
will garner higher weight, while the short-side will allocate stronger negative weight to stocks 
with the higher beta. 

We can take the approximation one step further to make the latter formula even more 
intuitive to quant practitioners. If we make the further assumption that the average beta 
across the universe is equal to 1, then we have that: 

2
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MVPih
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εσ
βσ −

≈         ( )5  

where iβ~ is the mean-adjusted beta for stock i. Equation (5) makes it even clearer: all else 
equal, the MVP aligns the portfolio in reverse to stock beta. More importantly, the MVP 



9 February 2011  Portfolios Under Construction  

Page 26 Deutsche Bank Securities Inc. 

which is supposed to be agnostic to expected stock returns has revealed itself as a strategy 
that, all else equal, makes the implicit forecast that stocks with higher beta will underperform 
stocks with lower beta.  

This, of course, flies completely in the face of traditional asset pricing theory. If we believe 
CAPM and think of beta as a proxy for a stock’s expected return then any of the 
characterizations in (3)-(5) imply that the MVP strategy is forming a portfolio in reverse 
direction of the expected return forecasts! 

Perhaps a better way to think about equations (3)-(5) is to think of beta, not as a proxy for 
expected return, but instead as a proxy for risk21. In this case, the strategy can be justified by 
aligning it with exploiting the low-volatility anomaly. However, under this interpretation, the 
strategy is no longer agnostic with regards to expected returns; rather it is making the 
forecast that lower beta stocks will outperform higher beta stocks. This is far from taking a 
passive or neutral stance on predicted stock returns. 

What about the idiosyncratic volatility? 
The other parameter in equations (3)-(5) that plays a role in discriminating the asset weights 
of the portfolio is the idiosyncratic volatility of each asset, 2

,iεσ . However, as we will see in 
the subsequent section, this parameter is what causes the MVP strategy to deviate from a 
conventional low-volatility strategy. One obvious fact is that the idiosyncratic risk will play no 
role in determining the sign of the weight of an asset in the MVP. It only plays a role in 
determining the magnitude of the weight. 

A subtle, but significant inconsistency with low-volatility strategies 
The role that stock level idiosyncratic volatility plays in the MVP strategy reveals something 
very important about the strategy. In fact, a close look at equation (5) reveals an 
inconsistency between the MVP strategy and that of other conventional low-volatility 
strategies, which aim to profit from betting against risky stocks. To see this we have to look 
at the role of beta and idiosyncratic volatility on the long and short side of the portfolio 
separately. 

The long side of the portfolio is consistent with a low-volatility strategy. This means that if 
low-risk stocks outperform high-risk stocks, we should expect the long side of the MVP to 
outperform. This is because the long side puts more weight on stocks with lower beta and 
overweighs stocks with lower idiosyncratic risk. 

The inconsistency arises on the short side. To see this note that if all stocks on the short-side 
had the same beta then the short-side of the portfolio would be overweight (less short) 
stocks with higher idiosyncratic volatility and underweight (more short) stocks with lower 
idiosyncratic volatility – the anti-thesis of a low-risk strategy. As we will see below, the 
correlation between beta and idiosyncratic volatility will complicate the matter even further, 
but it should be evident that during times when idiosyncratic risk is high relative to beta risk, 
the short side of the MVP could turn into a risk-seeking strategy. 

Is this an anomaly in the strategy? The answer is no because the MVP strategy, in contrast to 
conventional low-risk strategies, has the objective to minimize portfolio level risk. Unlike, low-
risk strategies its objective is not to position itself against stand-alone asset risk. We can 
actually boil down the difference between the MVP and a low-risk strategy to portfolio 
mechanics issue: idiosyncratic risk is always additive in a portfolio and whether long or short 
higher magnitudes of specific risk will induce higher portfolio risk. 

                                                           

21 In reality, this is two sides of the same coin in that the expected return should be aligned with expected risk, which is 
of course what CAPM and other asset-pricing theory is all about. The reason we suggest thinking about beta as 
common factor risk is to treat it in the context of the low-volatility anomaly as we discussed in the first section. 
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Finally, we can use two real-life examples to see how the MVP weights are related to beta 
and idiosyncratic risk22. In addition, we will see how this relationship will be heavily influenced 
by the dominant source of risk at any particular point in time.  

First, we observe the relationship between the MVP weights with beta and idiosyncratic risk 
as of Dec 31, 2010 in Figure 48 and Figure 49, respectively. We note this is a period in which 
asset specific risk is at historical lows. Note that beta has a negative linear-like behavior with 
the MVP weights (Figure 48). In contrast, idiosyncratic volatility does not share the same 
linear behavior, especially on the short-side of the portfolio. Note that the short-side of the 
portfolio allocates less short exposure (higher weight) to many stocks with very high specific 
risk. This short-side specific risk exposure is inconsistent with a low-volatility strategy. 

Now we look at a period in which specific risk was a very strong driver of asset total risk.  
Figure 50 and Figure 51 show the MVP weights relative to beta and specific risk, respectively 
as of Jan 31, 2001. This was a period when specific risk levels were at historic high levels.  

Figure 48: MVP weights vs. Predicted Beta (Dec 2010)  Figure 49: MVP weights vs. Specific Risk (Dec 2010) 
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On the short side, many stocks with 
excessively high levels of specific risk 
have similar short exposure to stocks 
with lower levels of specific risk.

Source: Axioma, Comustat, IBES, Russell, S&P, Deutsche Bank, Data Explorers  Source: Axioma, Comustat, IBES, Russell, S&P, Deutsche Bank, Data Explorers 

Figure 50: MVP weights vs. Predicted Beta (Jan 2001)  Figure 51: MVP weights vs. Specific Risk (Jan 2001) 
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22 We proxy the idiosyncratic risk with specific risk because this MVP is actually constructed using the risk model and 
not the simple one-factor beta model from which we obtained the characterization. 



9 February 2011  Portfolios Under Construction  

Page 28 Deutsche Bank Securities Inc. 

First, note how the MVP weights are much less linear with respect to Predicted Beta in 
Figure 50 relative to Figure 48. This is because specific risk dominates the strategy and is 
throwing off the natural linear relationship between beta and the MVP weights. Second, note 
how the short-side of the portfolio tends too allocate significantly more short exposure (lower 
weight) to assets with lower specific risk; and less short exposure (higher weight) to assets 
with higher specific risk. It should be obvious that during this period the short-side of the 
MVP strategy is not a low-risk strategy; rather it will outperform when higher risk stocks 
outperform lower risk stocks. 

Can this short-side idiosyncratic volatility preference hurt the portfolio? The answer seems to 
be yes, but it depends on whether asset specific risk is dominant relative to market or 
common factor risk. Perhaps the apex of this analysis can be boiled down to Figure 52. It 
shows the 12-month average return of the MVP strategy versus the levels of specific risk. 
The figure clearly shows that high levels of specific risk coincide with underperformance of 
the MVP strategy. This suggests that this higher specific risk preference on the short-side of 
the portfolio may hurt performance, especially when specific risk is the dominant source or 
asset risk. 

 Figure 52: MVP 12-month average return vs. Specific Risk levels 
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But Beta and idiosyncratic volatility are highly correlated 
A hidden element in the characterization above is the correlation between beta and 
idiosyncratic volatility. This is a well known relationship, and it is very intuitive: a risky stock is 
expected to have both higher beta and higher idiosyncratic risk; while a less risky stock is 
expected to have lower beta and lower idiosyncratic risk. To see this, Figure 53 shows the 
relationship between Predicted Beta and Idiosyncratic Volatility values for stocks in our 
universe on Dec 31, 2010. To see that this is not a one-time relationship, Figure 53 shows the 
rank correlation between the two factor scores over our sample. Note that the average rank 
correlation hovers between 40% and 50% over the sample period. 

If we look back to equation (5), we see that the relationship between these two attributes 
affect the weights in the MVP portfolio in a significant way. We saw a preview to this in 
Figure 48. There we saw how the relationship between the MVP weights and beta was 
nonlinear when comparing the long-side of the portfolio with the short-side. If we look back 
at the chart, we see that indeed, as beta gets large the short-side of the portfolio allocates 
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less short exposure per unit beta. This is another cause for concern when putting the 
strategy in the context of a low-risk strategy. It says that two betas that are equidistant but 
on opposite sides of the average beta (or the long/short threshold in equation 3) will be 
treated differently on the long-side versus short-side of the portfolio. The long-side will tend 
to allocate a higher magnitude long-exposure relative to the short exposure allocated by the 
short-side. This not only creates an imbalance in the holdings, which explains some of the 
results in the first section, but it will cause the MVP to profit less robustly when low-risk 
stocks outperform high-risk stocks. 

Figure 53: Predicted Beta vs. Idiosyncratic Volatility 

factor scores as of Dec 31, 2010 

 Figure 54: Rank correlation between cross-sectional 

factor scores of predicted beta and idiosyncratic vol 
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Risk is a multi-factor affair 
It is well accepted that systematic risk is best captured using multiple factors. Most 
quantitative practitioners use multi-factor risk models either from well-known vendors such 
as Axioma, Barra or Northfield, or have custom versions of their own. Therefore, we must ask 
ourselves whether everything we did in the past section is valid or extrapolates to the multi-
factor space or is it only particular to the simple one-factor CAPM model. 

The characterization in equation (3) used a clever shortcut to express the inverse of a 
covariance matrix when the covariance structure is driven by one factor. However, 
extrapolating this to the multi-factor case is intractable. Luckily, there is a paper – often 
overlooked – that has an intuitive expression for the product of the inverse of the covariance 
matrix with another vector23. Using the result from Stevens [1998] (see equation 9), we can 
write the holdings of the MVP as: 

( )∑ ≠
−=

ij j
i

MVP
ih β

σ
σ

ε
12

2

,

       ( )6  

where the jβ ;’s are the implied multi-variable regression betas we would obtain from 
regressing stock i on all the other stocks in the universe. These multivariate betas are implied 
from the risk model (i.e. there is not an actual regression taking place). 

Equation (6) tells us that stocks with higher exposure (or covariance) to other stocks will be 
underweight in the MVP, while stocks with lower exposure to other stocks will be 
overweight. In a factor risk model the exposure or covariance between two assets is driven 
only by the common factors in the model. Therefore, we can argue that equation (6) is a 

                                                           

23 In their case they did it to characterize the mean-variance optimal portfolio, but it can be generalized as we noted 
above. In any case, the result can be directly applied if we use the mean-variance formulation of the MVP in the last part 
of the report. 
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similar characterization of equation (3) except for the multi-factor case. It is not hard to show 
that the sum of the betas in equation (6) is driven by the actual exposures of the stocks to the 
common factors in the model. Therefore, instead of beta to the market factor as shown in 
equation (3), the formula would involve exposures to the common factors. 

Comovement with other portfolios, factors and attributes 
As we saw in a previous section, the MVP generates returns that have negligible correlations 
with MVO and z-score alpha-factor portfolios (see Figure 34 and Figure 35). Was this 
empirical result a fluke or is there something special about the MVP strategy that makes it 
inherently uncorrelated with quant strategies? The answer can be found analytically using 
two lines of matrix algebra. It can be shown (see appendix) that the expected (ex-ante) 
correlation of the MVP portfolio with any other portfolio, P is given by: 

∑=
i iP

P

MVP
PMVP hrrcorr ,),(

σ
σ

       ( )7  

This simple formula provides many valuable properties and insights. The first thing to note 
about the formula is that there is no longer a covariance matrix! Correlations no longer 
depend on the covariance structure of the assets24.  

The second important relationship we can appreciate from the formula is that the ex-ante 
correlation between the MVP and any other portfolio P, is inversely proportional to the 
volatility of portfolio P. This explains why the correlation with the market (see Figure 34) rises 
in times when market volatility is low and drops when market volatility is high.  

Third, we can see that for any dollar-neutral portfolio, or more generally any portfolio with a 
net zero weight will have zero ex-ante correlation with the MVP. 

Fourth, we see that the correlation will be directly proportional to the sum of the weights in 
the portfolio. An immediate corollary to this is that the correlation of the MVP with a portfolio 
that is net positive will be positive and vice-versa. 

We also note that we could easily replace the portfolio P in equation (7) with factor z-scores. 
The equation then states that the correlation of the MVP with a factor should be 0 or close to 
0 depending on the algorithm used to z-score the factor. This points to another powerful 
property: mainly that the MVP will be uncorrelated (ex-ante) to most classes of high-minus-
low factor portfolios. 

In addition, equation (7) will help us decipher other questions that arise from certain empirical 
data and it will also lend itself useful when mixing the strategy with other alpha strategies. 

Last, it is pertinent to say that these results are all in the context of a forecast. This is 
because they are all ex-ante and they will only be realized if the variance covariance matrix is 
exactly right. We know that this is never the case and the recent volatility in risk estimates 
has made forecasting even more difficult. However, we have to work with the “best” 
estimate we have and achieving a better risk forecast is something we will leave for another 
day. 

Below is a short list of important results from this section. 

1) The correlation and exposure between the MVP and any dollar neutral portfolio is 0. 

                                                           

24 A nice way to explain this come from Lee (2010), who noted that the marginal contribution to risk (MCTR) of every 
asset in the portfolio was the same 
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2) The correlation between the MVP and a portfolio with negative weights is negative. 

3) The correlation between the MVP and a portfolio with positive weights is positive. 

4) The magnitude of the correlation between the MVP and any portfolio P, will be 
directly proportional to the magnitude of the net weight of the portfolio and 
inversely proportional to the volatility of the portfolio. 

A quick recap of what we know 

Up to this point, we have seen a mountain of statistics, results, characterizations and 
analytics about the MVP to drive anyone mad. We now summarize many of our more 
important findings and their links to the empirical results found in the first part of the report. 

1) The strategy is not passive or a conventional low-volatility strategy. 

2) The MVP is a long/short portfolio. 

3) The MVP is aligned with a low-beta minus high-beta strategy. 

4) The MVP as a whole is not aligned with a low idiosyncratic volatility strategy. 

a. The long-side of the MVP is aligned with lower idiosyncratic risk; i.e. all else 
equal, it will outperform when low idiosyncratic risk stocks outperform 
stocks with higher idiosyncratic risk. 

b. In contrast, the short-side of the MVP is aligned with higher idiosyncratic 
risk; i.e. all else equal, it will outperform when higher idiosyncratic risk 
stocks outperform stock with lower idiosyncratic risk. 

5) All else equal, the strategy will overweight stocks that are less correlated across the 
universe and will underweight stocks that have higher correlation across other 
stocks in the universe. 

6) The fact that most factor risk models are calibrated towards higher market 
capitalization stocks will cause a bias in the portfolio towards smaller and less liquid 
stocks. In past data, we also find that small and highly illiquid stocks tended to have 
lower beta due to stronger market dislocations, stale pricing and other data issues. 

7) Analytically, the ex-ante (expected) correlation between the MVP and any dollar-
neutral or holdings-neutral portfolio is zero. We find this to be consistent when 
looking out-of-sample (any error is the covariance matrix’s fault). 

8) Analytically, the ex-ante correlation between the MVP and a net-short portfolio is 
negative. Similarly, the correlation with a net-long portfolio is positive. The larger the 
net long (short) position the more positive (negative) the correlation. 

9) All else equal, the magnitude of the ex-ante correlation between the MVP and any 
portfolio P will be inversely proportional to the risk of the portfolio P. 
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(EMVP) Enhanced minimum 
variance portfolio strategy 
Improving on traditional minimum variance 

How can we improve upon MVP performance without veering too far from the intended 
purpose of the strategy? In this section we look at one way to enhance the minimum 
variance portfolio construction in order to improve both performance and risk control. In 
addition, we will look at two methods that can be used to combine minimum variance 
portfolios with alpha models to generate portfolios with improved risk-adjusted return. 

In a break with most practioner minimum-variance portfolio research, we do not data-mine 
the optimization to find the right settings for industry, style or beta exposures. Neither, do we 
overlay factor upon factor on the strategy and choose the one that best works over our 
sample; then justifying after the fact that this or that style tilt works because it “pairs” well 
with a minimum variance portfolio. 

In the following sections we will show why most practioner publications show worse risk-
adjusted performance after neutralizing the MVP for industry, style or beta tilts. In addition, 
we show a very interesting property – already known to many – that shows that the 
minimum variance portfolio will arise naturally in an optimal portfolio that has a total holdings 
constraint (e.g. the dollar neutral constraint). 

Letting the analytics guide us… 

It is always necessary to verify theory with empirical testing and many times we allow the 
data to be our guide and judge the efficacy, properties and other attributes of a strategy. 
However, relying solely on the data and simulations can lead to data mining, biases, and may 
obfuscate important properties or attributes of the strategy. In the following, we use some of 
the analytical results obtained in previous sections to shed light on possible extensions of the 
minimum variance portfolio strategy. More importantly, we will use these results to guide us 
towards enhancing the strategy without data mining or torturing the optimizer. In our quest, 
we will see why many portfolio construction techniques that work for traditional quant factors 
are useless for minimum variance strategies. And we will see that  and we will know what to 
avoid so that we do not waste time, data mine for performance or deviate too far from the 
intended purpose of the strategy. 

By now it should be clear that one side of the MVP relies on the mispricing of risk so it will 
tend to outperform when investors shift their risk appetite downward (become more risk 
averse) and underperform when investors increase their risk appetite (become less risk-
averse). The other side of the MVP is diversification or portfolio risk minimization. As we saw 
in the previous section this objective is not entirely consistent with a low-volatility strategy in 
which outperformance depends on lower risk assets outperforming those with higher risk. 

We will look to see if we can improve the MVP by shifting the strategy slightly so that it still 
attempts to minimize risk, but at the same time stays consistent with a low-volatility strategy. 

Neutralizing minimum variance portfolios 

Can we improve minimum variance performance by neutralizing it for certain factors? The 
first exposure we would consider neutralizing in our MVP is the nagging beta exposure we 
saw back in Figure 22. In our analytical section, we saw how the nature of the MVP strategy 
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could be biased towards beta. The bias was mainly due to the effect of the specific 
(idiosyncratic) risk on the weights and the high correlation between specific risk and beta. So 
would neutralization help the portfolio? To investigate we apply the conventional quant 
constraint of neutralizing the beta exposure; the sector exposures; and then proceeding to 
the style neutral MVP. The results in Figure 55, Figure 56, Figure 57 and Figure 58 show 
these results. Neutralization seems to deteriorate risk-adjusted performance, lowering return 
while in many cases increasing risk and the correlation to the market. 

Figure 55: IR: MVP and neutralized-MVP  

                  (Jan 95 – Dec 10) 

 Figure 56: Average Return: MVP and neutralized-MVP   

                  (Jan 95 – Dec 10) 
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Figure 57: Realized Volatility: MVP and neutralized-MVP  

                  (Jan 95 – Dec 10) 

 Figure 58: Correlation to the Market: MVP and  

                  neutralized-MVP  (Jan 95 – Dec 10) 
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What’s going on? Isn’t neutralization supposed to correct for correlation to a factor? The 
answer is: it depends what type of neutralization technique is being used. For example, 
optimizers use what we call exposure-neutralization. This type of neutralization is achieved 
through a constraint and guarantees that the final portfolio will have an exposure of 0 (or 
close to 0) to the attribute being neutralized. However, it does not guarantee that the final 
portfolio will be uncorrelated to the underlying neutralizing attribute. While this may seem 
unintuitive, take the example of generating a portfolio with an exposure constraint of zero to 
the Software industry. While the resulting portfolio may be guaranteed to have a zero 
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exposure to the Software industry, it is not guaranteed to have an exposure of zero to the 
Telecom industry. However, the Telecom industry in turn is highly correlated to the Software 
industry so the portfolio exposure to the Telecom industry – which is not 0 – will induce a 
correlation of the constrained portfolio with the Software industry. For those that are familiar 
with risk models it is easier to see. A risk model factor can be thought to be a portfolio with 
an exposure of 1 to the factor and an exposure of 0 to every other factor in the risk model. 
Therefore, the Software industry factor can be thought of a factor with an exposure of 1 to 
the software industry and an exposure of 0 to every other factor. However, the Software 
industry factor returns are highly correlated to every other industry factor in the risk model 
because all industry factors are correlated through the market. So having an exposure of zero 
to these other factors doesn’t exactly make the portfolio representing the Software industry 
factor uncorrelated to the other industry factors. 

In fact, it is not hard to show that neutralizing for beta (z-scores) the final covariance of the 
neutralized MVP with a high minus low beta portfolio (z-score portfolio) will result to be a 
function of the original beta exposure. 

Another type of neutralization is correlation neutralization, which we introduced in Luo et al 
[2010c] “Volatility=1/N” and discussed the differences in another report Alvarez et al, 2010, 
“Factor Neutralization and Beyond”. This does not work for the case of the MVP strategy 
because we found that the correlation with z-score attributes will be zero or close to zero. 

Enhancing MVP to be consistent with a low-volatility strategy 

Given that neutralization does not seem to work is there a way to enhance the strategy 
without deviating too far from its intended purpose and stripping it of its most useful 
properties? The answer is yes, but care must be taken not to change the nature of the 
strategy. The enhancement we propose is a slight one that aims to make the strategy more 
consistent with a conventional low-risk strategy. However, we find that it improves risk-
adjusted performance, lowers the correlation with the market and conserves the most 
desirable properties such as its low correlation with other quantitative strategies. 

The enhancement is simple and straightforward. We assume that the specific risk of each 
asset is the same and re-compute the asset-by-asset covariance matrix. We then use this 
covariance matrix to construct our enhanced minimum variance portfolio (EMPV). The aim of 
the enhancement is to the remove the role that specific risk plays on the short-side of the 
strategy, which tends to overweight (apply less short exposure) to stocks with higher specific 
risk. Looking back to equation (5), this enhancement has the effect of converting the strategy 
into a pure low-beta strategy. Similarly, in the case of multiple risk factors, we can use 
equation (6) to argue that the strategy will become a low common-factor risk strategy. 

Figure 59 shows the effect of the enhancement on the exposure to specific risk. Note the 
large difference in the specific risk exposure between the first deciles of the MVP and EMVP. 
The difference indicates that the EMVP has much more short exposure to assets with higher 
specific risk, which will make it more aligned with a low-volatility strategy. In other words, we 
would expect the EMVP to outperform the MVP when stocks with high levels of specific risk 
underperform.  

Figure 60 shows us the difference in beta exposure. Again we see that the EMVP strategy 
has more short exposure to stocks with higher beta. This is actually because the 
enhancement has mitigated the nonlinear effect on beta exposure resulting from the 
correlation between beta and specific risk (see Figure 48 and Figure 53). 
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Figure 59: MVP and EMVP specific risk exposure by 

decile (Jan 95 – Dec 10) 

 Figure 60: MVP and EMVP predicted beta exposure by 

decile (Jan 95 – Dec 10) 
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The EMVP strategy is now more consistent with a low-volatility strategy. However, the 
important question is whether it actually increases the performance of the strategy and at 
what costs?  

In Figure 61 we show that the EMVP has a higher average return than the MVP over both the 
full sample and more recent period. The next question is whether we pay for the extra 
performance with added risk. Figure 62 shows that the increase in risk of the EMVP is quite 
marginal for both the entire and more recent periods. This result is quite significant in that it 
suggests that the levels of asset specific risk are not very relevant in the portfolio 
minimization problem. So we have better return, for negligible increase in risk which leads us 
to Figure 63 which shows that the EMVP outperforms the MVP on a risk-adjusted basis. As a 
final check, we look to see if the results are consistent when using the look-ahead risk model. 
The reason for this test is to see if having a better forecast of specific risk would cancel out 
the outperformance of the EMVP. Figure 64 indicates that even with look-ahead bias, the 
EMVP still outperforms the MVP. The results are surprising in that having a better forecast of 
asset level specific risk does not improve performance. 

Last we want to point out that we can think of this enhancement as shrinking the correlations 
of the covariance matrix. To see this, note that a stock with higher specific risk will less 
correlated across other stocks in the universe, while stocks with lower specific risk will tend 
to be more correlated across the other stocks in the universe. Setting all the stock specific 
risk levels to the universe average will have the effect of increasing the overall correlation of 
high specific risk stocks and decreasing the correlation of stocks with originally low levels of 
specific risk. 
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Figure 61: EMVP vs. MVP mean returns  Figure 62: EMVP vs. MVP volatility (realized) 
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Figure 63: EMVP vs. MVP portfolio IR  Figure 64: Look-ahead EMVP vs. MVP portfolio IR 
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Last, we want to make sure that the EMVP has some of the same desirable properties we 
found for the MVP. Figure 65 shows that the low correlations with traditional quant strategy 
portfolios remain negligible. In addition and probably of more value is that the correlation with 
the market has dropped off. Last we show that the EMVP is not much different that the MVP 
when looking at their correlation across time (Figure 66). We also note looking back at Figure 
52 that the correlation is lower during periods when idiosyncratic risk levels are higher. This is 
consistent with the methodology used to construct the EMVP. 
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Figure 65: EMVP, MVP Correlation with market and 

MVO factor portfolios 

 Figure 66: EMVP, MVP realized correlation (24-month 

rolling window) 
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What happens to borrow costs? 
Our prior research analyzing borrow costs (see Cahan et al 2011) showed that a strategy 
which was short stocks with high idiosyncratic volatility incurred relatively high amounts of 
borrow costs. This is not great news for our EMVP strategy, given that it will tend to have 
more short exposure to stocks with high specific risk. Therefore, we have to be careful that 
borrow costs do not increase substantially. 

To see the effect of our enhancement on borrow cost exposure note that Figure 67 shows 
that borrow costs actually increased rather substantially for the bottom decile (most short 
exposure), but decreased for deciles 3,4 and 5. This is consistent with the change in the 
strategy produced by the enhancement. The enhancement (EMVP) has pushed stocks with 
higher specific risks towards the bottom decile and so the borrow costs have also shifted 
towards that decile. However, if we add up the total borrow cost on the short side of the 
EMVP we find that it is roughly the same – in fact lower – as that for the MVP. 

Figure 67: MVP vs. EMVP Borrow Cost factor scores per 

decile Jul 06 – Dec 10 (higher score implies higher costs)

 Figure 68: MVP vs. EMVP Borrow Cost factor scores for 

bottom decile (higher score implies higher costs) 
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Figure 68 compares the evolution of borrow costs for the bottom deciles (largest short 
exposures) both the MVP and EMVP. Note that EMVP has consistently higher borrow costs, 
but the difference over the more recent period has leveled off. In addition, if we look back to 
Figure 47, we find that the borrow costs are still quite low when compared to a traditional 
quant strategy running at a similar risk level. 
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How can we use the EMVP in practice? 
To use the EMVP we can simply back out the implied alphas and use in the optimizer using a 
mean-variance framework. In fact, the next section shows how we can use the mean 
variance framework to construct the MVP as well. For completeness, the EMVP implied 
alphas have the following form: 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

′
==

−

−

1V1
1VVVhα
1

1

~

~

EMVPEMVP ,      ( )8  

where V
~

is the variance covariance matrix constructed assuming equal asset specific risks. 

A different formulation for minimum variance portfolios 

The formulation in equation (1) involves minimizing a portfolio without maximizing any 
particular return forecast. Next to the covariance matrix, the lack of a return forecast is of 
fundamental importance to the minimum variance portfolio. Given that there is not a return 
forecast, is there a way to pose the problem in the usual mean-variance (i.e. Markowitz 1952 
optimization) framework? The answer is yes. In this section we show an equivalent 
formulation to the minimum-variance problem framing it in a mean-variance optimization 
context. Why do this? There are several reasons, but in most part we do it to make the 
problem more accessible to techniques and interpretations already developed for mean-
variance optimal portfolios. However, as we will show, framing the problem in a mean-
variance context adds one analytical benefit: we do not need the constraint that the weights 
sum to 1 or any particular number. While this is a subtle difference we find that working with 
the true ideal portfolio actually improves performance, but we do not pursue this avenue here 
because this requires finding the right scaling procedure, which could be somewhat tricky 
and is something we will discuss and investigate in a future report. 

A mean-variance formulation 
Mathematically, the mean-variance formulation of the MVP is given by solving the traditional 
mean-variance optimization problem: 

Vhh1hh ′−′ λ2 max         ( )9  

where h  is the vector of optimal holdings (weights), V  is the variance-covariance matrix of 
asset returns, and 1  is a vector of ones that represent the expected returns. The solution has 
the same form as that obtained in the traditional mean-variance optimization problem, except 
that alpha is replaced with a vector of ones: 

1Vh 11 −=
λMVP                     ( )10  

Note that this version of the MVP is similar to that in equation (2) except that the term in the 
parenthesis is missing. To get the same result as that obtained in equation (2) we would just 
add the fully invested constraint (weights sum to 1). 

The fact that the vector of alphas is replaced with a vector of ones implies that we are not 
making relative return forecasts or that any one stock will outperform another. The idea is the 
same as before: let the risk model drive the portfolio decision by choosing the set of weights 
that generate the portfolio with the least amount of variance without any relative expected 
return information to differentiate the stocks. 
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Adding it to our QCD model 

The QCD is our flagship alpha model (see Luo et al 2010, “DB Quant Handbook”). In 
backtests and during its live performance the model generates good risk-adjusted 
performance. Running the model at the same ex-ante risk of the MVP strategy, the QCD 
optimized portfolio produces 34% average annual returns and a realized annualized risk of 
13%. The risk-adjusted return (IR) turns out to be 2.7, which looking back at Figure 2 is an 
enormous feat. The question is now whether the MVP or its close cousin the EMVP can add 
value to this already effective model. Given the return performance of the MVP reported 
throughout this report, we cannot expect the MVP to add value by increasing performance 
over time. Instead, we have to rely on the MVP’s two most distinguishable properties; it is a 
portfolio with minimum risk and its diversification power with most alpha-factor portfolios. 

There are many ways to combine strategies, but many of the techniques we are familiar with 
combine strategies using expected returns. Therefore, we leverage the formulation 
developed in the last section, which allows us to work with the MVP in a mean-variance 
framework25. This will allow us maximum flexibility to choose any number of factor modeling 
techniques for combining alpha factors. In this report, we keep things simple and use the 
Grinold & Kahn factor optimization approach, which consists in finding the weights that 
maximize the expected return of the final alpha while minimizing its risk. In line with keeping 
things simple we use naïve estimates for both the factor covariance matrix and the forecast 
of returns. The idea is if naïve and simple works, then sophistication can only help improve 
performance for the better. For more specialized and sophisticated techniques see Luo, Y. et 
al [2011] “Robust Factor Modeling”. Specifically, we use the past 24-month returns of each 
strategy as a forecast for the mean and the sample covariance matrix26. Because, we have 
seen that the MVP is uncorrelated with most alpha strategies, we fix the correlation in the 
risk model to be 0. Last, we avoid taking negative weights by setting a weight to zero if the 
rolling 24-month average is less than zero27.  

Figure 69: QCD vs. QCD+MVP portfolio IR over          

(Nov 1999 – Dec 2010) 

 Figure 70: QCD vs. QCD+MVP portfolio IR over          

(Jan 2007 – Dec 2010) 
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25 This is not actually necessary. In theory, we can combine stand-alone portfolios in the same way we combine alpha 
factors. However, it is much simpler and more intuitive to work in the conventional framework. 
26 An expanding window mean and covariance matrix provides very similar results. 
27 The QCD model 24-month moving average is always positive so we are guaranteed to have exposure to the model. 
The MVP and EMVP strategies had 35 out of 135 periods with a negative 24-month moving average. In these cases the 
weight to either strategy was set to 0. 
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How about factor tilts? 

We have seen various ad-hoc attempts to make the MVP strategy look better in backtests. 
One method is to apply a style-tilt towards generic alpha factors such as value, quality, 
momentum or growth. When a factor tilt works well in the backtest, the resulting portfolio is 
then touted to have better performance, less risk and less turnover than the original MVP. 
There is then a fundamental justification given for the better performance… 

However, these results are a sell-fulfilling prophecy. The lower risk comes from the fact that a 
“hard” factor tilt results in a portfolio that is very similar to linear combination of the MVP and 
the corresponding factor portfolio28. For example, a “hard” factor tilt on value will result in a 
portfolio that is a linear combination of the MVP and the MVO Value factor portfolio we have 
looked at above. The harder the tilt the more weight is given to the factor portfolio. The 
resulting portfolio will take on the properties of both portfolios and a “hard” tilt will give more 
weight to the factor portfolio. Ultimately the resulting portfolio properties will be a mix of 
both portfolios.  

A better way to tilt towards a factor is simply to combine the MVP strategy to an alpha 
strategy as we did in the last section with our QCD model. In the manner, we can use a bona 
fide alpha weighting technique instead of setting an arbitrary tilt. 

Implementing the EMVP 

In this last section of the report, we focus on the actual implementation of the EMVP. This 
will indicate whether the strategy can produce similar performance under risk, turnover 
constrains and after accounting for transaction costs.   

We implement two strategies. The only difference between the two will be the target risk 
and the leverage at which they will run. Below, are the following steps and optimization 
settings for implementing the strategy: 

1) We back out the implied alphas as suggested in our prior section. 

2) Target risk at 6% for the high-risk strategy and 3% for the low-risk strategy. 

3) Leverage constraint of 3x for the high-risk strategy and 2x for the low-risk strategy. 

4) Turnover constraint of 40% two-way for each of the strategies. 

5) Use 20bps linear t-cost per buy/sell in the objective function (this will slow down 
turnover as well). 

6) No constraints or neutralization of betas, industry or styles. 

Figure 71 and Figure 72  show the after-cost results for the high-risk and low-risk strategies, 
respectively. The high-risk strategy produced an after-cost Sharpe ratio of 1.13, while the low-
risk strategy produced an after-cost Sharpe ratio of 0.99. These results show that indeed this 
strategy is a promising one on its own.  

                                                           

28 It is true that risk model factors can be very different than the alpha-factors we have studied above with the same 
name. However, given the variance covariance matrix we could easily construct a factor-mimicking portfolio with very 
similar properties to the risk model factor and then mix it with the MVP. 



9 February 2011  Portfolios Under Construction  

Deutsche Bank Securities Inc. Page 41 

Figure 71: High risk EMVP portfolio  Figure 72: Low risk EMVP portfolio 
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Appendix A 
MVP comovement with portfolios 

Let ph  and Pσ  be the holdings and volatility of a portfolio P, respectively. Let MVPh  and 

MVPσ  be the holdings and the volatility of the MVP portfolio. Let V be the variance-
covariance matrix of asset returns then: 
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Unlike an actual performance record based on trading actual client portfolios, simulated results are achieved by means of the 
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paid. No representation is made that any trading strategy or account will or is likely to achieve profits or losses similar to 
those shown. Alternative modeling techniques or assumptions might produce significantly different results and prove to be 
more appropriate. Past hypothetical backtest results are neither an indicator nor guarantee of future returns. Actual results will 
vary, perhaps materially, from the analysis. 
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