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(A4)
 

Proceeding as in (A3) above, it follows that £ is conditionally (and 

unconditionally) uncorre1ated with £ and B. Assuming joint normality of £t 
A A 

conditional on F, and noting that ~ is a function of the vector, c , the 

above results imply that B, ;, and ~ are conditionally independent. The 

remaining assertions in (i) are standard regression results. 

To prove (ii) for the case in which F is independent and identicallyt 

distributed (i.i.d.) consider the (N+Nk+k)-vector 

(AS)
 

Since E(£tIF) - 0 and Var(£t!F) - ~ is constant, the components of Q aret 

uncorre1ated and have zero means. Thus Var(Q) is block diagonal with blocks 

-1 
~, m~F ' and ~F' respectively. Assumptions 1, 2, and the central limit 

theorem for i.i.d. random vectors then imply that JTQ converges in 

distribution, as T ~ m, to a multivariate normal distribution with mean zero 

and covariance matrix Va~(Q). The same result is obtained if (Ft-E(F»' is 

replaced by (row t of Fd) and ~F by SF in the middle component of Qt'Fdt 

This is true since JT times the average difference between Q and thet 

modified Q converges in probability to zero. The desired conclusion nowt 

follows from the observation that U' equals the (modified) middle component
v 

of Q. The general case is proved similarly using the last part of 

Assumption 2 and a more general central limit theorem. Part (iii) follows 

easily from part (ii) since 
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Proof of Theorem 1 

Equations (9) and (10) imply that 

(A6) 

Letting U • B - B, 

" " 
R - B2F2 - xrOl + [; - ur12] (A7) 

Since AX - Ik +1' (A7) implies that 
1 

Assumption 2 implies that pli~ r - r. Hence, (ii) and (iii) of Lemma 

1 imply that 

jT[; - uT12] ~T N[O, E(l+c)] (A9) 

Therefore, using (AS), (A9), and the fact that pli~ A - A, 

" jT[rOl - rOll ~T N[O, AEA'(I+c)] (AIO) 

The rest of part (i1) of Theorem I follows from the observation that, by 

definidon, 

(All) 

Part (ii) implies that pli~ r - r - O. This and the fact that pli~ 

r - r imply (i). 
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To prove (iii), write r - r as 

r - r - (r - r) + (f - r) (A12) 

In general, if one sequence of random variables converges in probability to 

a constant and another converges in distribution to some random variable, 

then the sequence of products converges in distribution to the product of 

the constant and the limiting random variable. Using the multivariate 

generalization of this result and the fact that F is uncorrelated with both 

c and U (Lemma 1), (A6) and (All) imply that r - r is asymptotically 

uncorrelated with F. Since the variation in r is simply that of F, the 

expressions in parentheses in (A12) are asymptotically uncorrelated and 

(iii) follows. 

Proof of Theorem 2 
1\ 1\ 

It follows from the definitions of r and r thatOl t Ol 

1\ 1\ 1\ 1\ 

r - r01 - A[ (R t - R) - - F2)] (A13)Ol t B2(F2t 

1\ 1\ 

Letting e be the time-series residual N-vector R - a - BF ,t t t 

(A14)
 

Since the time series of residuals is orthogonal to the time series of 

factor values by construction, the sample covariance matrix of the 

expression in brackets in (A14) is 

1\ 1\ 

(A1S) 
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where S with a subscript denotes the sample covariance matrix (with T in the 

denominator) of the subscripted variable. Using the fact that AB equals
l 

AA 

the last k l columns of AX - Ik +1' (A14) and (A1S) imply that the sample 
A 1 

covariance matrix of the rOlt's is 

* AS A' + SF (A16) 
e 1 

where SF * is the appropriate submatrix of SF.* Taking the probability limit 
1 

of (A16) establishes the conclusion of Theorem 2 with respect to the 

upper left block of W. The result for the lower right block follows easily 

since 

and the series of zero-beta estimates is orthogonal, in sample, to the 
AA A 

factors [use (A14) and the fact that AX - I]. The off-diagonal block of W 

is treated similarly. 

Proof of Lemma 2 

th
The following analysis is conditioned on F. Let U be the i row of

i 

U • B - B. Thus, U is the k-vector of estimation errors in the betas for
i 

asset i. Appealing to standard regression results, the covariance matrix of 

where a~ is the residual variance for asset i. Since E(U'U) equals the sum, 
1 

"_1
E(U'U) - ~F tr(~)/(T-l) (A17) 



44 

" 
Noting that X - X - UK, equation (13) follows. 

To prove (14), first observe that 

" " " " 
(A18) 

and recall from (A7) that 

" 

Since £ and U have zero means, this equation implies that 

" 

By (i) of Lemma 1, U is uncorrelated with R. Therefore, 

(A20)
 

where the last equality follows from (A17). Combining (A18) , (A19) , and 

(A20) yields equation (14). 

Proof of Theorem 6 

The proof below is for the case kl-O. The statistical analysis is 

conditioned on F and all limits are taken as N, the number of assets, 

approaches infinity. By Theorem 3, the OLS version of the MLE for "'0 

minimizes the function 

(A21)
 

Given results in the Appendix of Shanken (1986), it follows that f N(.,.) has 

the same sign, for all.,., as the quadratic 
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(A22)
 

where 
AA A,.. 

,.. ,.. ,.. ,..
 

and 
A A A A 

with 

1 , S·l-Fc 2 - k F 

and a the vector of OLS intercept estimates. Thus, the MLE for a given 

sample of N assets is a root of~. We shall show that the coefficients in 

(A22) converge to limits, as N ~ ~, and that ~O is a root of this limiting 

quadratic. 

Let u 
2 denote the limit of the average, over the N assets, of residual 

variance divided by T and let q2 be the limit of X'X/N. We assume that both 
x 

limits exist. By (A17) and the weak law of large numbers 

2 -1 
p1im U'U/N - U SF (A23) 

Since X - X - Ulk, it follows that 

(A24)
 

By (A7). 
,.. ,.. 

a - X~O + [£ - U(r • ~Olk)l (A25) 

Using (A23)-(A25) and the fact that c and U are uncorre1ated (Lemma 1), 

(A26) 
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By (A25), 

a - X~O + [£ - UF] (A27) 

Using (A23), (A27) , and the fact the £ and U are uncorrelated, 

(A28)
 

It follows from (A24), (A26), and (A28) that 

and 

(A29)
 

Consider the limiting quadratic 

2 
H(~) • A~ + B~ + C 

and note that, with probability one, A is not equal to zero. Since the 

roots of a quadratic are continuous functions of the coefficients, (A29) 

implies that each root of ~ converges in probability to the corresponding 

root of H. Furthermore, for sufficiently large N and with probability 

arbi trarily close to one, the MLE for ~0 will equal the smaller or the 

larger root of ~ depending on whether A is greater or less than zero [see 

Shanken (1986), p. 275]. In either case, the MLE is uniquely determined by 

the condition that fN, and hence ~, change sign from negative to positive 

at the given root. Thus, to establish N-consistency it suffices to show 

that H(~O) - 0 and that H'(~O) is positive. 
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Evaluating H at ~O yields a third order polynomial in ~O which, one can 

easily verify, is identically equal to zero! A bit of algebraic 

manipulation establishes that 

(A30) 

The discriminant of this quadratic in ~O equals o~ times 

2Since c - c is the determinant of the positive semidefinite matrix,1c3 2
 
- -1 ­[lk,F]'SF [lk,F], and cl>O, the discriminant is negative. Thus, the 

quadratic in (A30) has no real roots and must be positive for all values of 

~O' This completes the proof. 

The proof of N-consistency for the WLS version of the MLE is similar. 

In this case, however, a normality assumption is used to ensure (see Lemma 

1) that the diagonal elements of ~ are independent of £ and U. 

Accomrnodatin& "Rollin& Betas" 

The proof of Theorem 1 is modified here to derive an approximate 

covariance matrix for th3 CSR estimator when the following variation on the 

" traditional methodology is employed: The estimate (Bt) of B, used in the 

CSR for month t of a given year, is obtained from time series regressions 

over the previous five calendar years. Thus, all betas are based on five 

years of data and are updated annually. In this context, the CSR estimator 

need not be T-consistent, as expanding the time series does not eliminate 

the systematic EIV bias in each CSR. The discussion below is not, 

therefore, offered as a formal asymptotic analysis but, rather, as a simple 
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heuristic for EIV-adjustment of standard errors when rolling betas are 

48employed. 

B we havet, 

where • + F - E(F) and ~Ot • ~O' with second order error termsf 12t f 12 t 

ignored in the approximation. Taking time series sample means yields 

(compare to (A8)) 

,. 
- ~ A[£ - ur ] (A31)f 01 f 01 12

By Lemma 1 and Assumption 1, U is uncorre1ated with £ (conditional ont 

F) provided that the five year period used to estimate B either precedes ort 

is completely contained within the period over which CSR's are run. In 

cases of partial overlap, the covariance may be nonzero but is not 

systematically positive or negative. Thus, we shall treat the covariance 

between £ and IT as equal to zero. Therefore, it remains to consider the 

covariance matrix of Ur12 . 

As in the proof of Lemma 1, given a kx1 vector g, we have 

(A32) 

for each U (really U in the average U. Let zl and z2 be kx60 matrices oft) 

the form (F for two (possibly) overlapping five year beta
dFd)-lFd, 
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estimation periods, and let £1 and £2 be the corresponding 60Nxl disturbance 

vectors. Assume that entries have been reordered so that values of t from 1 

through a correspond to overlapping months, where a is between 0 and 60. It 

1 2 can then be shown that the covariance between is[IN0g'zl]£ and [IN0g'z2]£ 

g'zlI*zig times L, where I* is a 60x60 matrix with ones in diagonal entries 

. * 1 through a and zeroes elsewhere. If the overlap 1S complete, zl - z2' I ­

-1 -1-1and the scalar is g'(FdFd) g = 60 g'LF g. With partial overlap, the160,
 

scalar is approximately a/60 times this expression, reflecting the
 

proportion of overlapping (and hence correlated) observations.
 

Let T - l2n and note that, with annual updating, Ug equals the average 

of n distinct terms of the form Ug. Thus, the implied covariance matrix for 

- -2 -2-1Ug equals L times (n )(12)(60 )g'~F g times the sum of overlap (in years) 

2between all n pairs of the n beta estimation periods. This sum is 

5n + 2[4(n-l) + 3(n-2) + 2(n-3) + 1(n-4)] - 25n - 40. 

Substituting r12 for g, the resulting covariance matrix for jTUr *is c L, 12 

where 

c* - T(Sn-8)(60n2)-lc - (1-1.6/n)c 

49 and c is defined as in Theorem 1.

The suggested heuristic, then, is to use c* in place of c in the EIV 

adjustments described in the text of the paper. For example, with T-324 and 

n-27 as in the Chen, Roll, and Ross example of Section 4.1, c*-.94c. 

Intuitively, the smaller adjustment reflects the fact that, overall, n+5 
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years of data are now used in estimating betas while n years are used in the 

CSR's. Clearly, c* approaches c as n ~ ~ 
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Endnotes 

1.	 Black (1972) and Rubinstein (1973) extend the result to the case in 
which there is no riskless asset .• 

2.	 These unpublished results are reproduced in a related paper by Douglas 
(1969). 

3.	 This is essentially the "random coefficients problem" pointed out by 
Black, Jensen and Scholes (1972). See Miller and Scholes (1972) for a 
discussion of other problems associated with the Douglas-Lintner 
regressions. Jensen (1972) provides a good review of the early CAPM work. 

4.	 Black, Jensen, and Scholes (1972) introduce a related procedure that 
will be discussed later in the paper. 

5.	 Gibbons (1980) independently derives the asymptotic distribution for a 
related estimator developed by Black, Jensen, and Scholes (1972). This 
result will later be seen to be a special case of our more general analysis. 

6.	 Gauss-Newton estimation involves linearizing the nonlinear constraint 
(1) about initial consistent estimates. The constraint is nonlinear 
since the unknown parameters 11 and Pi enter multiplicatively. 

7.	 This is pointed out by Miller and Scholes (1972). 

8.	 In particular, the parameter space is no longer fixed in the latter 
case since each new asset introduces an additional beta parameter. 

9.	 Li tzenberger and Ramaswamy refer to their technique as MLE. To avoid 
confusion, we reserve this designation for the estimator obtained by 
simultaneously maximizing the likelihood function for betas and gammas 
as well as the parameters in the residual covariance matrix. 

10.	 This follows from the fact that each factor portfolio has a beta of one 
on itself and zero on all other factors. A "1" with a subscript refers 
to a column vector of ones with dimension equal to the subscript. 

11.	 A bar over a variable previously subscripted by t indicates the time 
series average of that variable. 

12.	 See, for example, Theil (1971), section 7.2. 

13.	 See Shanken (1982a, 1985b) and related discussion in Dybvig and Ross 
(1985) . 

14.	 Condition (i) is discussed in Section 6 of Shanken (1987) while the 
sufficiency of conc.ition (11) follows from the proof of Theorem 1 in 
that paper. The equivalence between (L) and (11) amounts to the 
observation that cov(m'£i) - cov(£m'£i) - cov(£m,Ri) for all i, as £i 
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and £ are orthogonal to the factors by construction. Conditions (i) 
and (~i) are not necessary for (4) to hold. For example, adding pure 
measurement error to an otherwise perfect proxy can cause these 
conditions to be vi~lated, even though expected return is still linear .. 
in the "new" betas. See Breeden, Gibbons, and Litzenberger (1989) for 
a discussion of measurement error in a single factor case. Huang and 
Litzenberger (1988, page 308) consider condition (if) in a single­
factor context, together with an assumption that the market proxy has a 
beta of one on the true market portfolio. 

15.	 Garman and Ohlson (1980), Brock (1982), and Chen and Ingersoll (1983) 
also use spanning conditions. 

16.	 Specifically, they assume that the disturbance term for a given asset 
is independent of the returns on all other assets in the economy. They 
also assume that the asset constitutes a small proportion of aggregate 
wealth. While the latter assumption can be verified using a subset of 
the asset universe, the former cannot. 

17.	 See Shanken (1990) for a simple approach to testing conditional pricing 
relations when the factors are portfolios and the zero-beta rate is known. 

18.	 Constant conditional betas and zero-beta rate, and conditionally 
serially independent disturbances are sufficient to ensure 
unconditionally serially independent disturbances in the factor 
portfolio case. I am grateful to a referee for focusing my attention 
on this issue. 

19.	 See the discussion in Blume and Friend (1973). 

20.	 The concern here is with stochastic dependence between the random 
components of these variables. Naturally, we expect to observe cross­
sectional correlation between the variables if the underlying theory is 
true. 

21.	 In general, r with multiple subscripts refers to the corresponding sub­
vector of r. 

22.	 Gibbons (1982) imposes this constraint in his MLE approach. Stambaugh 
(1982) also employs MLE, but does not impose a factor pricing 
constraint because of the specific nature of his index. 

23.	 See, for example, Litzenberger and Ramaswamy (1979) for WLS and, 
anticipating Theorem 4, Gibbons (1982) for GLS. This is not true GLS 
or WLS since the true covariance matrix is unknown. Estimation error 
in the covariance matrix does not affect the asymptotic results of 
Section 3, however. 

24.	 Proofs are in the appendix unless noted otherwise. 
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25. * "*" "* * " 
If we let 71 • 7l­

E(F1 ) and 7] • 7l-F
1 , then 71-71 - 7l-7L and part 

(ii) can be reinferpretea in ferms of this aLternative 
parameterization. Also see Theorem 3 in Section 5. 

26. The proof is 
Theorem. See, 

similar to that of the first 
for example, Theil (1971). 

part of the Gauss-Markov 

27. See, for example, Newey and West (1987). 

28. This follows 
a detailed 
estimators. 

from the condition AX-I. See Fama (1976), Chapter 9, 
discussion of the portfolio interpretation of 

for 
CSR 

29. See the proof of Theorem 1 and let U-O. 

30. Since E - a + BE(F) , time variation in Z would imply that a is not 
constant if 73 is nonzero. This is contrary to our assumptions in 
Section 1.1. A similar point is made in Hess (1980). Note that 
neither assumption on Z is required if we are only interested in the 
null hypothesis that 73 equals zero. Also, imposing the constraint (8) 
would not generally be appropriate unless 71 - 0, although it may be 
possible to transform the Z values so that ~8) is still valid. See, 
for example, Black and Scholes (1974). 

31. See Jobson and Korkie (1982). 

32. See Shanken and Weinstein (1990) for a detailed analysis of pricing 
with respect to the CRR factors. Also see related work by Chan, Chen, 
and Hsieh (1985) and McElroy and Burmeister (1988). 

33. The covariance matrix is not reported by CRR and is obtained separately. 

34. Recall that the asymptotic covariance matrix in Theorem 1 
the estimator multiplied by jT. 

is given for 

35. Also see 
(1988). 

related work by Fama and French (1988) and La and MacKin1ay 

36. See Richardson and Stock (1989). 

37. This does not require a normality assumption. 

38. The proof is available on request. 

39. The proof is available on request. 

40. See Shanken and Weinstein (1990) for an empirical examination of this 
issue. Black and Scholes (1974) reject the use of GLS estimation in 
their dividend study, due to concerns about the precision of covariance 
estimates. 
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41.	 See the discussion in Shanken (1985a) and related analysis in Gibbons, 
Ross and Shanken (1989). MacKinlay (1987) cites simulation evidence 
indicating that the true standard deviation of the GLS estimator 
exceeds the asymptotic standard deviation. 

42.	 As in the theoretical APT literature, this can be formalized in terms 
of a hypothetical infinite sequence of finite economies [see Ross 
(1976)] or a single infinite-asset Hilbert space economy [see 
Chamberlain and Rothschild (1983)]. 

43.	 The structure would have infinitely many blocks, as N goes to infinity, 
and satisfy some additional technical conditions. Connor and Korajczyk 
(1988) explore the empirical relevance of a block-diagonal structure 
for several factor models. 

44.	 The proof of Theorem 5 is similar to the analysis in Litzenberger and 
Ramaswamy (1979). A rough sketch of the proof is as follows. First. 
divide each of the expressions in brackets in (15) by NI leaving the 
product unchanged. Assume the disturbances (and hence the measurement 
errors in the betas) are sufficiently independent that a weak law of 
large numbers can be applied to cross-sectional averages of (i) the 
estimates of residual variance and, (ii) products involving measurement 
errors and/or disturbances. In this case, q/N converges in 
probability, as N goes to infinity, to the limiting average residual 
variance (assumed to exist). Furthermore, using (13) and (14), the 
inverse of the first expression converges to the inverse of the limit 
of X'X/N (assumed to exist) and the second expression converges to the 
limit of X'X/N times rOl ' The desired conclusion follows. 

45.	 This corresponds to the Litzenberger-Ramaswamy analysis when k andl-1k The WLS and GLS versions of the modified esti~tor are based on2-O.properties of the Student t and Hote1ling T distributions, 
respectively, since the residual variances and covariances are unknown. 
Details are available on request. 

46.	 The results of Section 3 also apply to the modified versions of the 
two-pass procedure discussed in this section. This follows from the 
fact that JT times q converges in probability to zero as T approaches 
infinity and that the inverse of a matrix can be expressed in terms of 
cofactors and determinants. See Shanken (1982b), Appendix E, for a 
detailed proof in the case kl-l, k2-O. 

47.	 In a personal communication, K. Ramaswamy reports a similar experience 
with two factors. 

48.	 The innovative econometric methods of Richardson and Stock (1989) might 
prove useful in a more rigorous analysis. 

49.	 If Y years are used to estimate betas than c* equals 1-(y-1)(y+1)/(3yn) 
times c. 


